Anomalies and Fermion Content of Grand Unified Theories in Extra Dimensions 
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The restrictions imposed by anomaly cancellation on the chiral fermion content of nonsupersym- 
metric gauge theories based on various groups are studied in spacetime dimension D = 6, 8, and 
10. In particular, we show that the only mathematically consistent chiral SU{5) theory in D = 6 
contains three nonidentical generations. 
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I. INTRODUCTION 

Despite its numerous successes, the Standard Model 
of particle physics is far from being satisfactory. The 
fermion sector is particularly puzzling. Among other 
problems, one may wonder why there are so many differ- 
ent fermions, with apparently arbitrary quantum num- 
bers under SU{3) (8) SU (2) (g) U{1), and why it is possible 
to divide them into three generations. 

The first question can be partially answered: the quan- 
tum numbers ensure the cancellation of all potentially 
dangerous chiral anomalies Historically, the latter 
were discovered ||^ while most fermions of the Stan- 
dard Model were already known experimentally: the ab- 
sence of anomaly was more a way of checking the con- 
sistency a posteriori than a predictive tool. Neverthe- 
less, the anomaly cancellation condition led to an al- 
ternative prediction of the existence of the c quark 
Furthermore, it has been shown that, with some addi- 
tional assumption, namely, that the fermions may only be 
SU{2) [resp. SU{3)] singlets or doublets (resp. triplets), 
an anomaly-free fermion content with the minimal num- 
ber of fields fits precisely within one generation of the 
Standard Model However, four-dimensional anoma- 
lies do not explain why there should be three generations 
in Nature. 

Various explanations for the existence of several gen- 
erations have been proposed. In theories with extra di- 
mensions, for instance, the number of generations can 
be related, through the index theorem, to the topology 
of the compact manifold f^l or to the winding of some 
field configuration (see e.gTlP]). In the Connes-Lott ver- 
sion of the Standard Model in noncommutative geometry, 
the existence of spontaneous chiral symmetry breaking 
requires the existence of more than one generation 0. 
Recently, it has been proposed that anomalies could ac- 
tually yield a constraint on the number of generations, 
provided the cancellation of anomalies takes place in an 
SU{3) ® SU{2) (g) U{1) theory that lives in six spacetime 
dimensions (61)) 

In this paper, we shall further investigate the anomaly 
cancellation condition in arbitrary spacetime dimension, 
extending the discussion of Q to larger groups containing 
SU{3)(»SU{2)(giU{l). We shall only consider the case of 
even dimensions: in odd dimensions, there is no chiral- 
ity, hence no chiral anomaly, and the closest equivalent, 



the parity anomaly, can be canceled by a Chern-Simons 
term in the action Also, since anomalies yield no in- 
formation on vector- like generations, we shall only derive 
constraints on the number rig of chiral generations. 

In order to make our paper self-contained, we first re- 
view in Sec. || the different types of chiral anomalies 
which will be relevant in the sequel. In Sec. |l|, we impose 
the absence of anomaly in (nonsupersymmetric) gauge 
theories based on any of the groups SU{3)(!^SU (2)(g)t/(l), 
SU{5), 5*0(10), and Eq, in dimensions D — 6, 8, and 
10, and deduce in each case the possible fermion con- 
tents. Among the various cases, the S'C/(5)-based theo- 
ries are the most constrained: in particular, in six dimen- 
sions, only theories with rig ~ mod 3 generations are 
anomaly-free. Let us emphasize riglitaway that, because 
charge conjugation does not change chirality in £) = 6, 
this SU (5) solution is not a trivial generalisation of the 
well-known 4D construction. In Sec. IV, we study the 
possible embedding of the iD Standard Model in this 6D 
SU{5) theory. We give some conclusions and prospects 
for future works in Sec. Finally, some useful results 
and demonstrations are given in the Appendixes ^ and 



II. SHORT REVIEW OF CHIRAL ANOMALIES 

A symmetry is said to be anomalous if it exists at 
the classical level, but docs not survive quantization. 
In some cases anomalies are welcome, as in the 7r° de- 
cay These harmless anomalies are always associated 
with global symmetries of the Lagrangian. In opposi- 
tion, anomalies which affect local symmetries, in par- 
ticular gauge symmetries, jeopardize the theory consis- 
tency. Such anomalies spoil renormalizability; but even 
in the case of effective, a priori non-renormalizable the- 
ories, they destroy unitarity, leading to theories without 
predictive power |Q . Consistent models should therefore 
either contain none of these anomalies, or automatically 
cancel them ]ll|,^. Conversely, the cancellation condi- 
tion gives useful constraints on the structure of a theory, 
and especially on its fermion content |ll3|, as we shall 
recall in Sec. 



[II 



We shall be interested in the so-called chiral anomalies, 
which involve chiral fermions in the presence of gauge 
fields and/or gravitons. They can be divided in two 
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classes: local (Sec. [I A) and global (or nonperturbative; 
see Sec. |ll B| ), according to whether they can be calcu- 
lated perturbatively or not. 



A. Local anomalies 

Local anomalies are related to infinitesimal gauge 
and/or coordinate transformations. They arise from a 
typical kind of Feynman diagram, which leads to a pos- 
sible non-conservation of the gauge symmetry current or 
the energy-momentum tensor. The topology of these dia- 
grams depends on the spacetime dimension D. In _D = 4, 
these are the well-known triangle diagrams In 6-, 8-, 
and 10-dimensional theories, the corresponding possibly 
anomalous diagrams are respectively the so-called box, 
pentagonal, and hexagonal diagrams ||l^ , |l5||, represented 
together with the triangle diagram in Fig. Ill 




anomaly for _D = 4 



anomaly for D — 6 





anomaly for D 



anomaly for D — 10 



FIG. 1. Anomalous diagrams in D = 4, 6, 8, and 10 dimen- 
sions. Each external leg stands for any of the gauge bosons of 
the theory, while the fermions circulating in the internal lines 
can be in any relevant representation of the gauge group. 



One can distinguish three types of local anomalies, ac- 
cording to the nature of the external legs of the anoma- 
lous diagrams. Diagrams with only gauge bosons corre- 
spond to the pure gauge anomaly. On the other hand, 
when all external legs are gravitons, the diagram yields 
the pure gravitational anomaly p^ . Finally, the mixed 
anomaly correspond to diagrams with both gauge bosons 
and gravitons |l6yi7| ] . These various types are illustrated, 
in the case oi D = 6 dimensions, in Fig. 0. 



1. Pure gauge anomaly 

In the pure gauge case, the anomaly is proportional to 
a group factor, which multiplies a Feynman integral: 



(a) (b) (c) 

FIG. 2. Local [(a) pure gauge, (b) mixed, and (c) pure 
gravitational] anomalies in 6 dimensions. Wavy external legs 
stand for gauge bosons, while loopy legs stand for gravitons. 



STr (r°r^ . . . r-?+i) - ^ STr (t'^t'' . . . r^+i) , 

Ld Rd 

(2.1) 

where the notation STr means that the trace is performed 
over the symmetrized product of the gauge group gener- 
ators T°. This symmetrization is related to the Bose- 
Einstein statistics of the interaction fields. The sums 
run over all left- and right-handed (in the D-dimensional 
sense, see Appendix ^ fermions of the theory belonging 
to the representation T"' . 

The symmetrized traces of Eq. (^) can be expressed 
in terms of traces over products of the generators t"" of the 
fundamental representation, and can sometimes be fac- 
torized. The first property reduces the number of traces 
which must be calculated, provided the coefficients relat- 
ing the traces over arbitrary generators to the traces over 
the are known |ljjl^. The second property is due to 
the existence of basic (i.e., non-factorizable) traces, the 
number of which, and the number of generators they in- 
volve, being related to the rank and the Casimir opera- 
tors of the group. A simple example is SU{'2), which is 
of rank 1, with the unique Casimir operator (T)^; a trace 
involving more than two generators can be factorized: 

STr {T'^T^T") oc S (Tr(T'^r'') Tr T") = 0, (2.2) 
STr {T^T^T'^T'^) cx S (Tr(r"r'') Tr(T'=r'^)) . (2.3) 

In other words, the triangle diagram for [SU{2)Y' (some- 
times called cubic anomaly) vanishe s for any SU (2) rep- 
resentation of fermions. Equation ( |2.3[ ) states that the 
quartic SU(2) anomaly is fac toriz able. 

The pure gau ge ano maly (|2.lD vanishes either if the 
"safe" 1 



group IS "sate" |[il|jl2 |, as is the case for SU(2) in four 
dimensions, or if the fermion content of the theory is 
properly chosen. Nevertheless, it is possible that part of 
the anomaly is zero thanks to the matter content, while 
the remaining part can be canceled by an additional ten- 
sor, through the Green-Schwarz mechanism as will 
be discussed later. 
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2. Pure gravitational anomaly 



B. Global anomalies 



The gravitational anomaly represents a breakdown 
of general covariance, or, equivalently, of the conservation 
of the energy- momentum tensor, due to parity- violating 
couplings between fermions and gravitons. In partic- 
ular, chiral fermions obviously violate parity, and lead 
to such anomalies. A necessary and sufficient condition 
for the absence of local gravitational anomaly is there- 
fore the identity of the numbers of left- and right-handed 
fermions: 



Nr 



Nr^ = 0. 



(2.4) 



As we recall in Appendix A 2, in dimension D 



Ak 

charge conjugation flips chirality, while it does not in 
D = Ak + 2. Therefore, a left-handed Weyl fermion field 
contains a left-handed particle and an antiparticle with 
opposite (resp. identical) chirality m. D = Ak (resp. D = 
Ak + 2). Such a field is, from the gravitational point of 
view, vector- like in dimension Ak, while it is chiral in 
dimension Ak + 2. Thus, the local gravitational anomaly 
always vanishes if the spacetime dimension is -D = 4A:. 

Note that a gravitational anomaly can always be can- 
celed by the addition of the right number of gauge sin- 
glet chiral fields. This addition obviously does not affect 
the gauge and mixed anomalies. Therefore, this anomaly 
does not yield a very stringent constraint from the phe- 
nomenological point of view. 



3. Mixed anomaly; Green-Schwarz mechanism 

The mixed gauge-gravitational anomaly [Fig. ^, dia- 
gram (b)] is proportional to the product of a gauge group 
factor and a gravitational term. The latter vanishes when 
the number of gravitons is odd [ p^ . 

When the mixed anomaly does not vanish thanks to 
group properties or an appropriate fermion choice, it may 
still be canceled through the Green-Schwarz mechanism 
[^9|. This mechanism relies on the existence, in dimen- 
sion 13 > 6, of tensors which, with properly chosen cou- 
plings, can cancel anomalies proportional to the trace of 
the product of k generators, with 2 < k < D/2 — 1. 
The anomalies which can be canceled in this way, ei- 
ther mixed or pure gauge, are called reducible, and the 
others, irreducible. Since gauge and mixed anomalies 
can be factorized, the factorization may amount to di- 
viding the anomaly into a reducible part, which can be 
canceled through the Green-Schwarz mechanism, and an 
irreducible part,!^] which necessitates some appropriate 
fermion content. 



*In fact, a sufficient condition for the existence of an ir- 
reducible anomaly for the gauge group G is n_D+i(G) = Z, 
where Ho+iiG) is the {D + l)-th homotopy group of G |2C(]. 



In addition to the local anomalies discussed previously, 
there are also nonperturbative anomalies, which cannot 
be obtained from a perturbative expansion, and will be 
called global in the following, although they are related 
to local symmetries. Two types of such anomalies can 
arise, related either to gauge invariance or to gravity. 

The global gauge anomaly |^ occurs when there exist 
gauge transformations which cannot be deduced continu- 
ously from the identity, in the presence of chiral fermions. 
In other terms, the anomaly arises when the _D-th homo- 
topy group of the gauge group G, HoiG), is nontrivial. 
The anomaly then leads to mathematically inconsistent 
theories in which all physical observables are ill-defined. 

This anomaly vanishes only if the matter content of 
the theory is appropriate. More precisely, if IId{G) ^ 0, 
the cancellation of the anomaly constrains the numbers 
N{plo) and N{pR^) of left- and right-handed p-uplets: 



Zno =^ CD [N{pLo) - N{pR^)] ^ mod n_D, 



(2.5) 



where Cd is an integer whose value depends on the space- 
time dimension D, the gauge group G, and the represen- 
tation of G the fermions belong to. 

In the case of the SU{2) global anomaly in D = 4 
dimensions, Il4{SU{2)) = Z2, so the anomaly cancella- 
tion condition reads, for the fundamental representation 
(C4 = 1), N{2l,) - N{2rJ = mod 2, where N{2lJ 
and N{2ji^) are the numbers of left- and right-handed 
Weyl fermions which are doublets under SU{2) ||2l[| . 

Coordinate transformations which cannot be reached 
continuously from the identity give rise to possible global 
gravitational anomalies In a (4fc -I- 2)-dimensional 

spacetime, these anomalies vanish when condition (2.4) 
holds: the cancellation of the local gravitational anomaly 
automatically ensures that the global one is zero. In 
D = 8k dimensions, the anomaly vanishes only if the 
number of (spin i) Weyl fermions coupled to gravity is 
even; otherwise, the theory is inconsistent. Note that in 
that case, there is no local gravitational anomaly. This 
is similar to the possibility of global gauge anomalies for 
SU{2) in 4 dimensions, while there is no corresponding 
local anomaly. 

Finally, there is another important feature of anoma- 
lies, which we shall encounter in the following, related to 
symmetry breaking. When a symmetry is spontaneously 
broken, from a larger group G into a subgroup H, anoma- 
lies may neither be created nor destroyed, and propa- 
gate from G to H. However, the type of the anomaly 
may change: a local anomaly in G can become a global 
anomaly of H. For instance, the SU{2) global anomaly 
in D — A discussed above corresponds to a local SU{3) 
anomaly p2|,|3|. 
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III. CONSTRAINTS FROM ANOMALIES 

In this section, we use chiral anomahes to restrict the 
fermion content of (nonsupersymmetric) theories based 
on various gauge groups in different spacetime dimen- 
sions. More precisely, we shall limit ourself to the study 
of the possible anomalies in every group of the familiar 
symmetry breaking sequencaj 



SO{10) SU{5) 



SU{3)(g,SU{2)(g)U{l). 

(3.1a) 



For each group, we shall focus on the lowest dimensional 
representations which might be relevant for the Standard 
Model content, namely the 27 of Eq, the 16 of 50(10), 
the 5 and 10 of SU (5), and the usual doublets and triplets 
of SU{3) ® SU{2) ® C/(l). These are related by 

27 ^ 1 ©10 © 16 ^ 1 © (5 ® 5) © (1 © 5 © 10), 

5©io-> (p,/:)©(Q,w,£:), (3.1b) 

where the second line are respectively one generation of 
5^7(5) and one of the Standard Model. The quantum 
numbers of the SU{3) » SU{2) U{1) fermions (Q, W, 
T>, £, £) are 

3,2, ij, (3,1,^^, ^3,1,0, (1,2,-1), (1,1,2). 

(3.1c) 

In D ~ Ak dimensions, one may equivalently replace 
(3,1,^) and (3, 1, |) by (3, 1, |) and (3,1,^), i.e., 
replace the left-handed fields Ulo and I?Ld with their 
right-handed charge conjugates {W)^^, {V'^)rj^. How- 
ever, since the {Ak + 2)-dimensional charge conjugation 
does not flip chirality, the choices are no longer equivalent 
in _D = 6 or 10. 

Similar studies have been carried out before, under 
more restrictive assumptions, either without the bene- 
fit of the Green-Schwarz mechanism to cancel reducible 
anomalies , or using only one representation per group 
to cancel the reducible anomalies [p6 27|. 



A. Constraints in D 



dimensions 



As is well known, all groups we mentionned above 
admit anomaly- free fermion content in four dimensions. 
In every case, the anomalies cancel within a generation, 
and thus they do not restrict the number of generations. 
We shall show that the situation is rather different in 



^In particular, we do not consider the more string-inspired 
gauge groups SO(32) or Es,®Es 'v[iD = 10 or their compact- 
ifications to lower dimensions ]l9| , p^ . 



D = 6, where anomalies yield stronger constraints than 
in D — A. We do not impose any a priori condition on the 
(six-dimensional) chiralities of the representations, which 
are not constrained by experimental results. 



1. SUi'i)® SU{2)®U{1) anomalies 

In the case of the group S'C/(3) SU{2) ® U{1), the 
anomalies which may arise in six dimensions are 

• local gauge anomalies, the only irreducible one be- 
ing [SU{?,)fU{l), and possibly [Uil)]^ if TrF^ 
vanishes, where Y is the generator oi U{\). If 
TrF^ ^ 0, [U{1)\'^ is reducible, as are [S'[/(3)]^ 
[SU{2)]\ [SU{i)nSU{2)]\ and [5t/(2)]2[[/(l)]2, 
and they all can be canceled by at most three 
Green-Schwarz tensors; 

• mixed anomalies, represented in Fig. ^ (b), where 
the gauge bosons belong to SU{i), SU{2) or C/(l), 
are reducible, and canceled by the same tensors 
which are used for the pure gauge anomalies. 



• local gravitational anomalies; 

• global gauge anomalies, since n6(S'[/(3)) 
n^{SU{2)) = Z12. 



Zr and 



All in all, there are four conditions which must be ful- 
filled: the sums of the hypercharges over the SU{'i) 
triplets and antitriplets must vanish. Then, there must 
be a s m any left- as right-handed fields. Finally, using 
Eq. (^ with C6 = 2 for the SU{2,) doublets and cg = 1 
for the SU(i) triplets |Q, we find that the numbers of 
doublets and triplets must satisfy 



N{2l,) - 



N{2r,) = mod 6, 
-iV(3^J = mod 6. 



(3.2a) 
(3.2b) 



As mentionned above, the extension of the Standard 
Model in Z? = 6 dimensions gives several inequivalent 
models with different assignments of the quantum num- 
bers. The consistency of the theory, with a given assign- 
ment, has been studied previously, under the assumption 
that local anomalies cancel within a single generation 
Q. This leads to specific chirality choices for the six- 
dimensional SU{?>) ® SU{2) (8) U{1) fermions, and to the 
introduction of an additional singlet in each generation. 
An important result is that it is necessary to have more 
than one generation, in order to cancel the global anoma- 
lies Furthermore, if the generations are identical, i.e., 
have the same chiralities, their number rig is a multiple 
of 3, up to an arbitrary number of vector-like pairs of 
generations. However, relaxing the requirement that lo- 
cal anomalies cancel in each generation, there arise other 
anomaly-free solutions with three generations. 

It is also possible to ke ep our original quantum num- 
ber assignment, Eq. ( |3.1c ). With that choice, there is no 
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anomaly-free solution with only one or two generations: 
Ug > 3. There are several solutions with the "minimal" 
three-generation content. For instance, one might take 
three copies of the locally anomaly-free generation com- 
posed of Qig, Vfig, Clb, ^Rfi, and a right-handed 
singlet (for the local gravitational anomaly) . A drawback 
of this solution is that it cannot be embedded in a larger 
gauge group since T) and C, for instance, have opposite 
chiralities. 

Another possible solution, with three nonidcntical gen- 
erations, is 



(3.3) 



plus S'C/(3) ® SU{2) ® U{1) singlets. In that case, local 
anomalies do not vanish within a single generation, but 
rather between one generation and two copies of Vl^ 
and Cl^- To obtain three full generations, we used the 
freedom to add vector-like, anomaly-free representations, 
i.e., Q, U, and £. An obvious problem is that the latter 
could be given Dirac mass terms and be decoupled from 
the low-energy theory. A simple, however admittedly 
inelegant, way to prevent this is to assign some discrete 
symmetry to these extra fields, such as Qr^^ —>■ —Qrb 
while ~^ Qlbi it is anyway necessary to implement 
such a symmetry in order to recover a AD chiral theory 
by compactification on an orbifold. 

Finally, note that there are still other 3-generation so- 
lutions, as well as solutions with for instance ng — 5, 
which are not replications of solutions with Ug — 3. Nev- 
ertheless, we wish to emphasize that there is a feature 
which does not depend on the quantum number assign- 
ment. If one requires identical generations, then the only 
anomaly-free solutions consist of = mod 3 genera- 
tions, each of which must have no local anomaly: each 
generation only brings 2 or 4 (left- minus right-handed) 
doublets or t riplets, while multiples of 6 are necessary, 
see Eqs. (U). 

When this additional condition is not imposed, the 
number of generations is not strictly fixed by the anomaly 
cancellation requirement. This compels us to examine 
whether even more stringent conditions might be derived 
from larger groups in the sequence Eq. (3.1a). 



2. SU{5) anomalies in six dimensions 

It was soon recognized that it might be possible to 
explain some of the arbitrary features of the Standard 
Model by embedding SU{3) (g) SU{2) ® U{1) in a larger 
gauge group p9| ] . The minimal solution relying on a sim- 
ple Lie group is the Georgi-Glashow SU{b) model [0, in 
which the Standard Model fermions are represented by 
(5 © 10) generations. 

Let us review the various possible anomalies of a QD 
SU{5) theory, and, first of all, the local gauge anomaly. 



Since Il7{SU{5)) = Z, a single representatio n h as an 
irreducible anomaly. Taking Z? = 6 in Eq. (2.1), the 
cancellation condition reads 

STr(T''r''T^T'*) - ^ STr(T°T''T=T'^) = 0. (3.4) 

Lq Rq 

These traces must be calculated for both representations 
5 and 10, relating them to the traces over the generators 
t"' of the fundamental SU{5) representation (we follow 
the notations of p^): 



STr(T('^,)r('',)r(',)T(l)) = 

Ai{5,k) STr(t'^tW) 
+ (5, k) S (Tr (rt'') Tr (i^i'^)) , 



(3.5) 



where k labels the representation under study: k = 1 for 
the fundamental representation 5, fc = 2 for the 10, fc = 3 
for the 10, and fc = 4 for the 5. The coefficients are given 
in Table |. Note that the coefficients in the case k — 1 
are trivial. 





k 


Ai(5,k) 


Af(5,fc) 


5 


1 


1 





10 


2 


-3 


3 


To 


3 


-3 


3 


5 


4 


1 






TABL E I. Coefficients in the symmetrized trace factoriza- 
tion Eq. (3.5) for the lowest dimension SU{5) representations. 



Both traces in the right-hand side of Eq. (3.5) are non- 
vanishing, but only the trace over four matrices is irre- 
ducible. To cancel this first part, one must choose the 
fermion content of the theory appropriately. The sim- 
plest solution (apart from vector-like generations) made 
of 5 © 10 representations consists in taking three (5)^^, 
two IOlb, and a lOu^: the resulting anomaly is propor- 
tional to 

3 ^4(5, 4) + 2 ^4(5, 2) - ^4(5, 2) = 3 + (-6) - (-3) = 0, 

(3.6) 

where the minus sign is due to the opposite chirality of 
the lOi^g. If we consider that a 5 and a 10 form a genera- 
tion,^ this means that we need three nonidentical genera- 
tions to cancel the irreducible part of the gauge anomaly. 
Of course, one may add other identical copies of this set 
of three families: the number of generations is rig = 

mod 3. 

As stated in Sec. II A, the reducible part of the 



anomaly can be canceled through the Green-Schwarz 



''We shall comment on this issue in Sec, 
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mechanism, by introducing a self-dual, antisymmetric 
tensor [^,0. The same tensor allows us to also can- 
cel the mixed anomaly. This latter is proportional to 
Tr (TT''), see diagram (b) of Fig. ^, and does not vanish 
with our fermion choice. 

Let us now consider the local gravitational anomaly. 
As recalled above, it vanishes provided the numbers of 
left- and right-handed fields are the same. The fermion 
content imposed by the cancellation of the gauge anomaly 
consists of 5-I-5-I-5-I-10-I-10 left- and 10 right-handed Weyl 
fermions. In addition, the self-dual antisymmetric tensor 
contributes for 28 Weyl right-handed fermions All 
in all, three additional left-handed fermions, necessarily 
singlets under SU{5), are required to cancel the anomaly. 

While there can be local anomalies of every type — 
gauge, mixed, and gravitational — unless the fermion 
content of the theory is carefully chosen, the theory can- 
not be spoiled by the global gauge anomaly, because the 
sixth homotopy group of SU (5) is trivial. 

In conclusion, imposing the absence of anomaly for 
a chiral SU{5) theory in 6 dimensions fixes its gauged 
fermion content: 



(5)l« 
10l6 



(5)l. 



(5)Le 



(3.7) 



and requires the introduction of a self-dual antisymmet- 
ric tensor and three left-handed singlets. This solution is 
not the minimal anomaly-free solution with 5s and 10s: 
we have added a vector-like 10 to obtain three full gen- 
erations, and the remarks following Eq. (3.2) also apply 
here. 

What does this solution we propose become when 
SU{5) is broken into SU{3) SU{2) C/(l)? Given the 
chirality assignments of Eq. ( |3.7| ), we actually recover 
the three chiral SU{3) (g) SU{2) U{1) generations of 
Eq. (3.3). We shall explicitly check that this is indeed 
an anomaly-free set of three generations, although we al- 
ready know it must be the case since no anomaly can 
have been created when SU (5) was broken. 

As we have seen above, the only irreducible gauge 
anomaly is [SU{3)]^U{1), since one easily checks that 
TrF^ 7^ 0. This anomaly is proportional to 



SU{2) (g) [/(I) singlets. Since gravity is insensitive to the 
breaking of other interactions, the gravitational anomaly 
cancellation remains valid. 

Global gauge anomalies, on the other hand, depend 
on the gauge group: while there is none in SU{5), both 
SU{2) and SU{3) can possibly have such anomalies. As 
seen above, their cancellation requires mod 6 dou- 
blets (left- minus right-handed) and mod 6 triplets 
[see Eq. (|2.5|)]. Our S'[/(5)-inspired solution satisfies 
both conditions: N{2Le) - A^(2fl,J = 9 - 3 = 6 and 
-^(^Le) ^ ^(Sfle) =9 — 3 = 6. From the point of view 
of SU{3) (gi SU{2) (g) C/(l), this is the condition which 
suggests some restriction on the number of generations. 
In SU{5), the condition comes from the irreducible part 
of the gauge anomaly. This is a striking example of the 
change of nature of an anomaly when a group is broken. 

Therefore, the anomaly-free three-generation SU (5) 
theory becomes an anomaly-free SU{3) g) SU{2) (g U{1) 
theory when the symmetry is broken, as expected. On 
the other hand, all other anomaly-free, six-dimensional 
SU{3) g) SU{2) g) U{\) theories do not originate from a 
SU{5) theory. This is for instance the case of the solu- 
tion with 3 identical generations we mentionned in the 
discussion on SU (3) g) SU{2) ® U (1) anomalies, since the 
2? and C have opposite chiralities, and cannot come from 
a single 5. 

We have summarized in table || the different anomalies 
which can affect SU{b) and 5?7(3)(g5'C/(2)g)C/(l) theories 
in six dimensions. Note that while there is no global 
anomaly anomaly in SU{5), there is one in the Standard 
Model group, which automatically vanishes for a SU{3)^ 
SU{2) (g) U{1) matter content which comes from SU{5). 



D = 6 


SU{5) 


SU{3)(g)SU{2)(g)U{l) 


pure gauge 


yes 


yes 


mixed 


yes 


yes 


gravitational 


yes 


yes 


global 


no 


yes 



TABLE II. Possible SU{5) and SU{3) » SU{2) ® 17(1) 
anomalies in 6 dimensions. 
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0, (3.8) 



where the factor (—1)^ reflects both right-handed chiral- 
ity and ^3(3,2) = —1 for the 3. The other, reducible 
anomalies are killed through the Green-Schwarz mech- 
anism: the single tensor which was used to cancel the 
SU{5) anomalies somewhat splits into different parts, 
which in turn cancel the SU {3) (E) SU (2) ^U (1) anomalies 
after breaking. 

The S'[/(5) singlet fermions, which were introduced 
to cancel the gravitational anomaly, are now SU{3) (g 



3. Six- dimensional 50(10) and Es anomalies 

As we have just shown, a six-dimensional SU (5) theory 
is anomaly-free only if the number Ug of chiral genera- 
tions is a multiple of 3, with specific chirality assignments 
for the various 5 and 10 which yield the matter content 
of the Standard Model, plus additional SU{5) singlets. 
For the economic solution ng — 3, there are three such 
singlets. 

A similar result was obtained in where each chiral 
generation must be added a 5[/(3)g)S'C/(2)g)t/(l) singlet 
to cancel the gravitational anomaly. In both cases, it is 
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necessary to introduce as many gauge singlets as there 
are chiral generations, although it should be noted that 
the underlying reasons are different. In the number of 
extra fermions is necessarily equal to the number of chiral 
families, since the local anomalies are required to vanish 
within each generation. On the other hand, in the present 
paper, we do not impose this condition, and we still have 
to add 3 SU{5) singlets to our 3 chiral generations. 

This coincidence naturally leads to the idea that both 
models could be embedded in more fundamental theo- 
ries based on a larger symmetry group. The first obvi- 
ous candidate, which unifies the 15 Weyl fermions of a 
given generation of the Standard Model with a SU (5) or 
SU{3) (8) SU{2) ® C/(l) singlet in a single representation, 
is the orthogonal group 50(10), with its spinorial 16 rep- 
resentation |3^. Next, we shall consider the case of the 
exceptional group Eq. 

The case of SO{10) is rather different from the previ- 
ous groups we considered. Since Ii'j{SO{lQ)) — Z, there 
must be an irreducible anomaly. Indeed, Tr (T")"' — 16 
for any generator of the 16 spinor, and the local pure 
gauge anomaly, Eq. (3.4), has a nonvanishing irreducible 
part 33|. Therefore, a chiral six-dimensional 5*0(10) 
theory cannot be anomaly-free if it only contains copies 
of the 16 representation. 

It was quite obvious from the beginning that the 3- 
generation, anomaly-free SU{b) solution Eq. (3.3) can- 
not be trivially promoted to an 50(10) model. As a 16 
of 50(10) transform as 5el0©l under 51/(5), the (5)l, 
and IQiis third generation cannot originate from a 

single 16, which is either left- or right-handed. But since 
we have shown that a 16 of 50(10) is always anoma- 
lous in six dimensions, it cannot either yield a consistent 
5L/(3) ® SU{2) (8 U{1) theory. 

To cancel this anomaly, one should either add another 
16 with opposite chirality — but this amounts to losing 
the chirality of the theory — , or add some other, new 
matter field, which spoils the simplicity researched when 
embedding 5f/(3) 5C/(2) ® C/(l) or SU{5) in 50(10). 
For example, one might consider two left-handed and a 
right-handed 16, plus a left-handed 10. The IQrb and a 
ISig form a vector-like pair, and are therefore anomaly- 
free. The irreducible parts of the pure gauge anomalies 
of the remaining 16^^ and the lO^g cancel 33 , as will 
be obvious when we discuss Eq. The other local anoma- 
lies are in a sense harmless, since they can be canceled by 
the Green-Schwarz mechanism (reducible anomalies) or 
by adding gauge singlets (gravitational anomaly). Fur- 
thermore, there is no global gauge anomaly, because 

n6(50(io)) = o. 

When 50(10) is broken into 5C/(5), the 16 of this 
anomaly-free solution transform as in Eq. (3.1b), while 
the 10 Le yields (5©5) . All in all, we recover the fermion 
content of Eq. ( |3.3| ), with in addition a pair 5i,g ©(5)ijg , in 
which the irreducible anomalies cancel, see Table El This 
pair can be decoupled from the low energy spectrum by 
a Dirac mass term. 

Let us now consider Eq. In that group, the basic, 



nonfactorizable traces are the traces over products of 2, 
5, 6, 8, 9, and 12 generators ||2^. Therefore, the local 
gauge anomaly is factorizable in _D = 6. There only re- 
mains a reducible part, which can be canceled through 
the Green-Schwarz mechanism, which also protects the 
theory against mixed anomalies. Similarly, the gravita- 
tional anomalies of a single 27 can be canceled by adding 
singlet fermions with the appropriate chirality. Since 
the sixth homotopy group of Eq is trivial, Eq has no 
global gauge anomaly in six dimensions. Thus, a six- 
dimensional Eq theory, with a Green-Schwarz tensor and 
singlet fermions, is anomaly-free, whatever the number 
of 27s of the theory. 

When the symmetry is broken, the absence of anomaly 
for a single 27 of Eq is transmitted to the 50(10) repre- 
sentation 16© 10© 1. The singlet obviously has no gauge 
anomaly, and we recover the fact that the irreducible 
anomalies of a 16 and a 10 with identical chiralities can- 
cel. 

Going further in the sequence of Eq. ( |3.1a ) , the same 
idea suggests that the irreducible parts of the pure gauge 
anomalies of a 5, two 5, and a 10 of SU (5) with identical 
chiralities should cancel. They do indeed, as show the 
values of ^4(5, 1), ^4(5, 4), and ^4(5, 2) in Table | This 
solution with three 5 or 5 and a 10 is the minimal SU (5) 
fermion content free of irreducible anomalies in Z? = 6. 
However, it does not contain all observed fermions of 
the Standard Model, which require at least 3 copies of 
this basic, anomaly-free building block. This then yields 
too many fermions, while there exists a more economi- 
cal solution, Eq. (3.3). As mentionned before, the lat- 
ter consists in fact of a left-handed copy of the minimal 
(5 © 5 © 5 © 10) content, plus a vector-hke, anomaly-free 
pair lOig © 10_Rg. 



B. Constraints from anomalies in D = 8 

An important difference which characterizes the study 
of anomalies in eight dimensions is the absence of lo- 
cal gravitational anomalies, since the spacetime is 4fc- 
dimensional. This removes a condition which automati- 
cally led to the introduction of singlet fermions, which we 
shall now be able to discard, unless we wish to introduce 
some to cancel the global gravitational anomaly. 



1. SU{3) ® SU{2) (g) U{1) anomalies in D = 8 

When the spacetime dimension D > 8, theories based 
on the Standard Model group are less constrained than in 
lower dimensions. This is because almost all local gauge 
anomalies are now reducible: for 5C/(3) and 5C/(2), both 
traces 



(3.9) 



and 
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STr j^^'ycy'j^'^y/^ 



(3.10) 



are factorizable, and therefore the corresponding anoma- 
hes can be canceled by Green-Schwarz tensors. So can be 
the [J7(l)]^ and [J7(l)]® anomahes m most cases. Finally, 
gauge anomalies with bosons from different groups are 
always reducible. 

Most mixed gauge-gravity anomalous diagrams are 
also reducible, with the exception of the D = 8 pen- 
tagonal diagram with four gravitons and a t/(l) bo- 
son. This diagram yields a contribution proportional 
to Try. Thus, in D = 8, the gauged fermions of a 
SU{3) (g) SU{2) (g) C/(l) theory must satisfy the condition 
Tr r = 0. 

In eight dimensions, a simple solution consists in build- 
ing a generati on wi th left-handed versions of the Q, U, 
and V of Eq. (3.1c), and right-handed C and £. A sin- 
gle generation is then free of the only irreducible lo- 
cal anomaly, since Tr y = 0. In that particular case, 
Try3 ^ 0, so that the [U{l)f anomaly is reducible 
Besides, such a generation contains N{ZLsi) — Nlia^) — 
triplets and two left-handed doublets. It therefore auto- 
matically satisfies the conditions, Eq. ( |2.5| ), necessary to 
cancel the SU{?>) and SU{2) global anomalies, due to 
UsiSUiS)) = Zi2 and IlsiSUi2)) = Z^. The only re- 
maining constraint comes from the global gravitational 
anomaly, which requires either an even number of gener- 
ations, or the introduction of an additional spin i singlet 
fermion. 

Therefore, a single S'C/(3) ® SU{2) ® U{1) generation. 



with appropriate chiralities: five ((5)i,g 
((5)l«®10kJ. 



IOlo) and six 



Eq. (3.1c), with appropriate chirality choices, is anomaly- 
free, with the help of Green-Schwarz tensors to cancel the 
reducible anomalies and a Weyl fermion to protect the 
theory against the global gravitational anomaly. Anoma- 
lies give no restriction on the number of such generations. 



2. SU{5) in eight dimensions 

The anomalies of SU (5) in 13 = 8 are rather similar to 
the case D = 6, since IIq{SU{5)) — Z means that there is 
an irreducible local gauge anomaly, while ns(S'L''(5)) = 
guarantees the absence of global gau ge anomaly. 

The pure gauge anomaly Eq. (3.9) is non- factorizable, 
so that the irreducible part must be canceled by the 
fermion content. The expansion in terms of symmetrized 
traces over the generator of the basic representation in- 
volves the coefficients 



Or 



given in Table III. 
the values of ^5(5, 2) and ^5(5, 4), the most economic 
choice consists in taking = 11 generations (5 10), 



^On the oth er ha nd, in the case of a generation where all the 
fields of Eq. (3.1c) are left-handed, which satisfies TtY — 
as well, the chiralities are such that TrY^ also vanishes, and 
the pure gauge anomaly [(7(1)]^ is not reducible. 



D = 8 


k 


A5(5,fc) 


Af{5,k) 


5 


1 


1 





10 


2 


-11 


10 


To 


3 


11 


-10 


5 


4 


-1 






TABLE III. Coefiicients in the symmetrized trace factor- 
ization for the lowest dimensions SU{5) representations in 8 
dimensions. 

The remaining, reducible part of the pure gauge 
anomaly, as well as the mixed anomaly, can be canceled 
through the Green-Schwarz mechanism. As announced 
above, there is no global gauge anomaly. 

Finally, the cancellation of the global gravitational 
anomaly necessitates an even number of spin ^ Weyl 
fermions. This requires the introduction of an odd num- 
ber of singlet fermions. If one prefers not to add sterile 
matter, the global gravitational anomaly rules out the 
Ug — 11 solution which cancels the local gauge anomaly. 
The "minimal" anomaly-free solution then consists of 
twice the 1 1-generation solution, i.e., requires Ug = 22 
reducible (5 © 10) generations. 

When SU{5) breaks into SU{3)(g>SU{2)(g)U{l), the 11- 
generation solution remains anomaly-free: the condition 
TiY is satisfied, since F is a generator of SU{5); the 
eleven (5 © 10) yield A^(3lJ - N{3r^) = -12 triplets 
and A^(2ig) — N{2ji^) = 8 doublets, so that there is no 
global gauge anomaly. 

On the other hand, the D = 8 anomaly-free SU{3) (g 
SU{2) (g) U{1) generation we found previously does not 
originate from SU (5) because of, for example, the oppo- 
site chiralities of the and Crs- As in the case of six 
dimensions, an eight-dimensional SU (5) theory is more 
constrained than a theory based on SU{i)®SU (2)(g)[/(l). 



3. 50(10) and Eg in eight dimensions 

An 5*0(10) model suffers from the same problems in 
Z3 = 8 as in six dimensions. Consider, once again, a 
single 16. The mixed gauge-gravitational anomaly in- 
volves traces over either one or three antisymmetric gen- 
erators, and therefore vanishes. The local gauge anomaly 
Eq. (3.9), on the other hand, is nonvanishing for a 16: 
the trace over five S'O(IO) generators is proportional to 
the totally antisymmetric Levi-Civita tensor with 10 in- 
dices, see Appendix ^ The possible remedies to cure this 
anomaly are the same as in six dimensions: either make 
the theory vector-like, or add matter fields in different 
S'O(IO) representations. In the latter case however, it be- 
comes necessary to take care of the global gauge anomaly, 
arising from the homotopy group Ils{SO{lQ)) = Z2, 



8 



which will constrain the number of generations as in the 
case of SU{3) €5 SU{2) ® U{1) in 6 dimensions. In addi- 
tion, there must be an even number of spin ^ fermions, 
to cancel the global gravitational anomaly. 

Using the same reasoning as in _D = 6 dimensions, 
the eight-dimensional anomaly-free SU (5) theory with 
Ug — 11 generations we have encountered above does not 
come from an 5*0(10) theory, because of the (5)^^ © lO^g 
generations. There is therefore no contradiction with the 
impossibility of building anomaly-free 5*0(10) theories 
with the 16 representation. 

To study the possible anomalies of a 27 in I? = 8, 
we shall not follow the same procedure as in the six- 
dimensional case. When Ee , is b roken into 50(10), the 
27 transforms following Eq. ( 3.1b ). As always, no anoma- 
lies are created in this symmetry breaking. We have seen 
above that the 16 of 5*0(10) is anomalous. However, 
a 10 is anomaly-free, as can be checked by calculating 
the trace over the product of five real generators, Eq. 
(|3.9D. Therefore, a single 27 of Eq has an irreducible 
gauge anomaly in eight dimensions. Another, less ped- 
agogical way of seeing this anomaly consists in noticing 
that Ug{Ee) = Z. 

The same reasoning allows us to check without cal- 
culation that a single 16 of 50(10) is anomalous in 6 
or 8 dimensions. Since the 5 and 10 have local anoma- 
lies which do not cancel (this is precisely why three or 
eleven generations are required), a parent 16 cannot be 
anomaly-free. 

On the other hand, Eq has no mixed anomaly, since 
the 27 has no pure gauge anomaly in D = 4 dimensions. 
There is no global gauge anomaly either: ng(ii^6) = 0. 
Finally, the global gravitational anomaly can as always 
be canceled through the introduction of an extra singlet. 

Nonetheless, a chiral theory Eq with fermions only in 
the 27 representation is anomalous in 13 = 8 dimensions, 
due to the irreducible local gauge anomaly, which also 
spoils chiral eight-dimensional 5*0(10) theories. 



C. Anomalies in D = 10 



1. SU{3) (8) SU{2) (g) (7(1) in ten dimensions 



As we have announced in Sec. [II B, in D 



10, 

there is in most cases no constraint on the possible 
SU{3) (g) 5C/(2) (g) U{1) gauged fermions arising from lo- 
cal anomalies: only the [C/(l)]^ anomaly might be ir- 
reducible, under specific conditions. One may for ex- 
ample build a generation with left-handed versions of 
all fields. In that case, TtY^ / 0, so that the [U{l)f 
anomaly is reducible Both 5t7(3) and SU{2) ho- 

motopy groups are non-trivial: Ilio{SU{3)) = Z^o and 
nio(5C/(2)) = Zi5, and there might be global gauge 
anomalies. Since the number of triplets in a generation 
is even, a solution with Ug — 15 generations is obviously 



free of these anomalies. However, we shall see that in- 
formation derived from 50(10) will allow us to improve 
this result: even a single generation will be found to have 
no global anomalies. 



2. SU (5) anomalies in D = 10 

Since 5*C/(5) is a rank 4 group, there are four Casimir 
operators and as many basic traces, over products of 2, 
3, 4, and 5 generators. Indeed, the trace of the product 
of six generators can be factorized in terms of these basic 
traces: in the case of the fundamental representation [H , 



STr {et^tHHH^) = 

^S [Tr {t'^tHH'^) Tr {tHf)] 

- is [Tr (rt'') Tr {tH'^) Tr {tH^)] 



(3.11) 



Therefore, after an expansion in traces over the gener- 
ators of the f undam ental representation, the pure gauge 
anomaly Eq. ( 3.10 ) is fully reducible, and so is the mixed 
anomaly. Accepting the introduction of the 2-, 4-, and 6- 
forms of the Green-Schwarz mechanism, these anomalies 
do not constrain the gauged fermion content, while it is 
impossible to cancel all these anomalies with only an ap- 
propriate choice of matter content . The gravitational 
anomaly does not vanish either, but can be canceled eas- 
ily by singlet fermions. Therefore, nothing constrains the 
chiralities of the 5 and 10 which constitute a generation, 
and we are free to choose them both left-handed, in order 
to recover the SU{?>)®SU{2)®U{1) solution we proposed 
above. 

The only stringent condition comes from the global 
gauge anomaly, due to Hio(5[/(5)) = .^120- Knowing 
the actual condition re quire s some knowledge of the co- 
efficients cio [see Eq. ( |2.5| )] for the representations of 
5*C/(5) in 10 dimensions. In any case, models with 120fc 
left-handed generations are anomaly free, although more 
"economical" solutions exist, as we show hereafter. 



3. 5*0(10) and Ea in ten dimensions 

Let us now consider 50(10) in _D = 10 dimensions. 
A single 16 representation suffers from irreducible gauge 
anomalies, since Hn (5*0(10)) — Z, so that chiral theo- 
ries containing only this representation are no more con- 
sistent than in D = 6 or D = 8. Furthermore, for locally 
anomaly-free theories with an extended representation 
content, there is also a possible global anomaly due to 
Hio(50(10)) = Z4. 

Consider for example a (16 © 10 © 10) representation. 
The irreducible part of the local gauge anomaly is zero, 
thanks to the choice of fermion content ||2^. The re- 
maining, reducible part of the anomaly and the mixed 
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anomaly are canceled by Green-Schwarz tensors. One 
can easily cancel the gravitational anomaly with sterile 
fermions. Finally, four copies of (16 © 10 ® 10) represen- 
tations with identical chiralities will automatically have 
no global anomaly. 

Let us break S'O(IO) into SU{3) ® SU{2) ® C/(l); 
the resulting theory is necessarily anomaly-free. Each 
(16 ® 10 © 10)lio yields eight left-handed triplets or 
antitriplets and as many doublets. Since the theory 
with broken symmetry has no anomaly, it is in partic- 
ular free of global anomalies. Therefore, the conditions 
N{3lJ~N{3r,,)^32 andiV(2i,J-Af(2i^,J = 32are 
sufficient to cancel the SU{3) and SU (2) global anoma- 
lies. Inserting these results in Eq. ( |2.5| ), we now have 
further information on the coefficients cio for the dou- 
blets and triplets: both cio(2) and cio(3) are multiple of 
15. This allows us to significantly improve our condition 
for SU{3)(^SU (2)® [/(I) in ten dimensions: instead of 15 
generations, we see that a single one is already anomaly- 
free. 

Therefore, in D = 10, SU{3) ® SU{2) ® U{1) theories 
with any number of such generations are anomaly-free, 
and anomalies do not constrain Ug. 

Since an SU{3) ® SU{2) ® U{1) generation of left- 
handed fermions is anomaly-free, so is an SU{5) gen- 
eration: a single (5 © W)lu} already free of the poten- 
tial global anomaly, while we only knew that a sufficient 
choice was Ug = mod 120. This means that the coef- 
ficients cio(5) and cio(lO) are both multiple of 120. As 
in the case of SU{2) and SU{3), it is not necessary to 
actually calculate the coefficients to obtain interesting 
information. 

We have just seen that a single (5 © 10) Lio is anomaly- 
free in SU{5) , while we mentionned previously that a 16 
of S'O(IO) is anomalous. This means that the SU{5) the- 
ory cannot come from 5'O(10), although the explanation 
is more subtle than in Z? = 6 or 8. The symmetry break- 



ing sequence Eq. (3.1a) could be further specified: in fact, 
50(10) breaks into SU{5) ® f/(l), so that the 5 and 10 
of SU(5) also carry some U{1) charge (3 and —1 respec- 
tively [p4| ) , which gives rise to a new anomalous diagram 
[SU{5)YU{1). The contribution of this diagram, which 
is absent in a pure SU{5) theory, does not vanish, so that 
the SU{5) I® t/(l) theory is not anomaly-free, whatever 
the number of generations, as the parent 5'O(10) theory. 

The ten-dimensional pure gauge anomaly of the 27 
of i?6 can be checked in the same way as in D = 8. 
Both 10 and 16 representations of 50(10) are anoma- 
lous, and the irreducible parts of their anomalies do not 
cancel Therefore, the 27 is necessarily anomalous, 

as also shows the homotopy group nii(£'6) = Z. Al- 
though other anomalies either can be canceled (in the 
case of the mixed and gravitational anomalies) or vanish 
[Uio{Eq) = 0, hence there is no global gauge anomaly], 
there is no way of obtaining an anomaly-free Eq theory 
with only copies of the 27, as in D = 8. 

In summary, in D = 10 it is possible to build chiral 
5C/(3)(8)5'[/(2)®f/(l) or SU{5) theories with any number 



of generations, but they do not come from 50(10) or Eq 
since a 16 or a 27 are always anomalous. 



IV. ANOMALY-FREE SU{5) MODEL IN 6 
DIMENSIONS 



In this section, we investigate some of the properties of 
a six-dimensional model implementing the anomaly-free 
three-generation 5[/(5) fermion content of Eq. (3.3). A 
salient feature of these three generations is of course their 
non-identity. We shall first investigate whet her th is leads 
to specific characteristics at tree level (Sec. IV A). Then, 
we review in Sec. IVB some of the possible ways of going 
from SU{5) in L» = 6 to the Standard Model in D = 4. 



A. Basic properties of models with three 
nonidentical SU{5) generations 



As we have seen in Sec. HI, the most stringent con- 
straints imposed by anomalies on the fermion content 
affect six- and eight-dimensional SU{5) theories. The 
most promising case is obviously D = 6, which hints at 
the necessary existence of three generations, as in the 
Standard Model. 

A nice feature of the SU{5) fermion content in six di- 
mensions is the difference between the third generation 
(5^6 © 10i?,6) ^^'^ other two. This might explain why 
the third Standard Model generation is so much heav- 
ier than the lightest two, and we shall assume that the 
ffi lO/jg yields, after breaking, the top, bottom, r, 
and i>T-, although our discussion will not depend on this 
assumption. 

Following this idea, let us examine the possible six- 
dimensional mass terms which could be given to the 
SU{5) fermions. The so-called minimal symmetry break- 
ing scheme for SU (5) in D = 4 involves two Higgs fields 
in the 5 and 24 representations. The former is used to 
break SU{5) and canno t give rise to a mass term. In 
fact, we shall see in Sec. IV B| that this field is not even 
necessary to break the symmetry, if this is done through 
the compactification on an orbifold. 

In opposition, the 5 Higgs field may yield SU{5) singlet 
terms, thanks to the tensor product decompositions 



5 ® 5 = ]_© 2^ 
5(g)5 = 10©T5 
10 (g) 10 = 5 © 45 © 50 
5 ® 10 = 5 © 45. 



(4.1) 



A priori, SU{5) invariance allows the construction of 
mass terms with two 10 or with a 5 and a 10, indepen- 
dently of the spacetime dimension or the fermion chiral- 
ities. However, these two ingredients do influence mass 
terms, since the latter must be (£)-dimensional) Lorentz 
invariant. 
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The chirality of the 10 of the third generation is oppo- 
site to that of all other 5 and 10, so that a term involving 
this lOflg and any other fermion can be Lorentz invari- 
ant. However, in order to have three light generations in 
AD, such a ter m sh ould be forbidden. [See the discussion 
following Eq. (3^).] Furthermore, it is not possible to 



build a Lorentz invariant mass term with only left-handed 
fermions m D — 6. Hence, at tree level, most, but not 
all, of the fermions will remain massless after symmetry 
breaking. Note that this feature is due to the different 
chirality assignment of the different generations in 61?, 
and not only to the structure of the gauge group. Of 
course, the situation will be modified by radiative correc- 
tions, which can generate mass terms after dimensional 
reduction to AD. The rather restricted number of cou- 
plings will also affect the CKM matrix and one might 
hope to obtain in a natural way some CP violation. In 
addition, compactification scheme leading to different lo- 
calization patterns of the generations may further enrich 
the discussion. It would be interesting to see whether 
such a scheme, be it grand unified or not, could give rise 
to non-trivial mass textures. This would relate the hi- 
erarchy of fermion masses in the Standard Model to the 
cancellation of anomalies in 6D. 

Before we turn to the issue of symmetry breaking and 
compactification, let us mention another prediction of the 
theory. In any Grand Unified Theory, the weak mixing 
angle can be related to the traces over two generators of 
the group fSSl]: 



e 



w 



Tr T| 
Try2- 



(4.2) 



In four dimensions, if all the content of a single fam- 
ily is incorporated in one or more irreducible representa- 
tions of the GUT group, the prediction does not depend 
on the group. These GUT representations could con- 
tain other states, but the latter have to be singlets under 
SU{3)®SU{2)>g)U{l), and the result is thus the same for 
SUi5) and 50(10), namely sin^ Qw = 3/8. Nonetheless, 
radiative corrections have to be included, which strongly 
depend on the nature of the GUT group. 

In our six-dimensional case, the predicted value for the 
first two families is of course the same as in four dimen- 
sions, since the chiralities are identical. In I? = 4, one 
could use charge conjugation to flip some of the chiral- 
ities thereby changing the corresponding signs, and the 
result would not change thanks to the square powers: this 
shows without calculation that the value is identical for 
the © lOflsi despite the opposite chirality of the 10. 
Therefore, the value in our six-dimensional SU{5) is also 
sin'^ 9^ — 3/8. 



B. Dimensional reduction and SU{5) breaking 

The combination of extra dimensions and GUT mod- 
els brings together the issues related with both aspects. 



Thus, one should investigate the running of the Stan- 
dard Model coupling constants, proton decay ||35| , |36|| , the 
presence of monopoles, the hierarchy problem... The ac- 
tual features of the various problems depend heavily on 
the localization and compactification mechanisms. Al- 
though we shall not go into detail in the present paper, 
we would like to make a few comments and suggestions 
to show that our approach is not grossly ruled out. 

Starting from a SU{5) model in D = 6 dimensions, 
there are several paths towards SU{3) (8) SU (2) (g) U{1) in 
four dimensions. Two different steps are required, which 
may be simultaneous or not: SU(5) must be broken, and 
the six-dimensional theory must be reduced into a four- 
dimensional theory. The second operation should also 
involve some chirality selection, since the fermions of the 
Standard Model have definite, left-handed chiralities. 

In the absence of a reliable mechanism to suppress 
the proton decay, a compactification scheme which al- 
lows SU (5) to survive in four dimensions should likely 
be discarded. 

There has been recently a growth of interest in five- 
dimensional SU (5) models, either supersymmetric or 
not, with an orbifold S^/Z2 or S^/{Z2 » Z^) ||,|^,|6|, 
as well as in D = 6 SU(5) or 50(10) models with an 
orbifold TV(2'2«)2'^) |||,g9|. In these studies. Standard 
Model fermions are totally confined to an orbifold fixed 
point, corresponding to our four-dimensional brane. The 
boundary conditions on the gauge bosons can be fixed ap- 
propriately so as to break SU{5) to SU{3)i»SU{2)(»U{l): 
only the zero modes of the Standard Model gauge bosons 
have a non-zero value at the fixed point. This is an effi- 
cient way to reduce proton decay probability, since there 
is no overlap between the quarks and leptons and the 
5f7(5)-specific, B-violating bosons. 

In our six-dimensional case, if the Standard Model 
fields are strongly localized, for instance with a vortex 
[^,0, we may then benefit from the same effect. In ad- 
dition, it has been showed that the localization of chiral 
fermions can enhance, through loop effects, the local- 
ization of the zero modes of the gauge bosons to which 
the fermions are coupled |^]. This further increases the 
suppression of unwanted SU{5) effects. Besides, possible 
Standard Model contributions to the proton decay may 
be suppressed by a residual spacetime symmetry, relic 
of the six-dimensional Lorentz invariance after compact- 
ification |4^]. This mechanism is however model depen- 
dent. Whether a similar effect could suppress B-violating 
processes in the SU{5) model discussed here is an open 
question. 

An issue related with the localization of the Standard 
Model fields is the size of the extra dimensions. If the 
fields are strongly localized, as seems to be necessary 
to avoid an important proton decay, then the extra di- 
mensions might be large, with radii of the order of (10 
TeV)~^. This is also the Grand Unification energy scale, 
where the Standard Model couplings unify |43j . The un- 
usual chirality of our third generation docs not modify 
the actual value much. 
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To be fair, one must admit that, although the com- 
pactification on an orbifold has many advantages, since 
it allows both chirality selection and symmetry break- 
ing, it is in no way predictive. First, it might lead to an 
anomalous four-dimensional theory if the AD chiralities 
are not properly selected. Then, one could hope that 
the constraint of the absence of anomaly in four dimen- 
sions would only leave a single possibility, the Standard 
Model. Unfo rtun ately, this is obviously not the case. As 
is clear from (3.3), with an appropriate choice of orbifold, 
we could as well get a single (anomaly-free) generation in 
D = 4, plus vector-like fcrmions which could then be de- 
coupled from the low energy spectrum. Therefore, even 
though anomalies might give an explanation of the exis- 
tence of three generations, they are not restrictive enough 
so as to permit only one particular fermion content after 
dimensional reduction. 

Another potentially interesting feature of our three- 
generation SU{5) solution is the necessary existence of 
three extra singlets which, after compactification, will 
give rise to Kaluza-Klein towers of sterile states [|4j . In 
turn, these states can give masses to the light neutrinos. 

Finally, the compactification does not wholly suppress 
the Green-Schwarz tensor which was required to cancel 
reducible SU(5) and mixed anomalies. There remain 
some of the tensor components, with axion-like couplings 
psf . In an elaborate model, far beyond the scope of the 
present paper, these latter could be used to suppress the 
unobserved strong CP violation Ga 



V. CONCLUSIONS 

As we have shown in this paper, anomaly cancellation 
restricts not only the chiral fermion content, but also 
the possible Yukawa couplings of Grand Unified Theories 
propagating in extra dimensions. 



SO{lQ). On the other hand, six-dimensional SU{5) the- 
ories can be anomaly-free, provided the matter content is 
very finely tuned: if a generation consists of a represen- 
tation 5 © 10, then the absence of anomalies necessitates 
a number of gen erat ions multiple of 3, with proper chi- 
ralities, see Eq. (3^). However, note that anomalies do 
not impose that a generation be 5 © 10; one could as 
well choose 5 © 10, or any such combination, although 
the condition remains rig = mod 3. In fact, we have 
mentionned that the minimal anomaly-free fermion con- 
tent for SU{5) in D = 6 is three 5 or 5 with identical 
chirality, plus a 10 or 10 with opposite chirality. This 
means that anomalies are not the ultimate answer; there 
must be another ingredient which must be combined with 
anomalies. 

This additional ingredient might be some principle re- 
quiring that the theory be built with identical (including 
the chirality assignment) building blocks, as the Stan- 
dard Model in four dimensions. In that case, the only 
anomalies which can give some restriction on the num- 
ber of such building blocks are the global anomalies, both 
gauge and, to a lesser extent, gravitational. Stated dif- 
ferently, global anomalies are the only ones which can 
impose to have identical copies of a basic, necessarily lo- 
cally anomaly-free, generation. Under this assumption, 
the only theories with anomaly-free fermion contents are 
SU{3) ® SU{2) ® U{1) in L> = 6, with Ug = mod 3 
and six-dimensional Eq, eight- and ten-dimensional 
SUiS) ® SU{2) (g) t/(l), and S'C/(5) in D = 10, all of 
which are anomaly-free whatever the number of identical 
generations. 

Our six-dimensional SU (5) solution, where the num- 
ber of generations is imposed by the absence of the local 
gauge anomaly, does not satisfy this criterion. Nonethe- 
less, the nonidentity of the generations might be a bless- 
ing and could give rise to interesting phenomenologi- 
cal predictions, for instance regarding the hierarchy of 
fermion masses in the Standard Model. 



D = 6 D = 8 L> = 10 

Standard Model Ug > 2 Ug arbitrary rig arbitrary 
SU{5) rig = 3fc ng = Ilk Ug arbitrary 

50(10) no solution with only copies of the 16 

Ug arbitrary no solution with 27 only 



TABLE IV. Constraints on the gauged chiral fermion con- 
tent of various theories in different spacetime dimensions. 
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Our results are summarized in Table IV . For instance 



we have shown that S'O(IO) is not a good Grand Unifi- 
cation candidate, be it in 13 = 6, 8 or 10, if the Stan- 
dard Model fermions are represented by the 16. One 
needs to invoke other matter fields, beyond the Standard 
Model, in some other representation (see for a simi- 
lar discussion in the supersymmetric context). But this 
might mean that the relevant group is Eq, rather than 



APPENDIX A: CHIRALITY IN EVEN 
DIMENSIONS 

To fix the notations we use throughout the paper, and 
for completeness sake, we recall in this Appendix some 
basic definitions and properties about chiral fermions in 
Euclidean and Minkowski space . 
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1. Chirality and even dimensions 

The Lorentz group will be denoted SO{t,s) where t 
and s are the numbers of time and space dimensions re- 
spectively {D = t+s). A Dirac spinor obeys the following 
transformation law under infinitesimal Lorentz transfor- 
mations : 



(5* 



1 



ujMN^fm-^, M,N ^0,...,D^1, (Al) 



where uimn are real coefiicients and 'S^j^ denote the 
Lorentz generators in spinorial representation. The lat- 
ter are given in terms of Dirac 21^/^1 x 21^/^] matrices 
r(£)), where [A] is the integer part of A, which satisfy the 
Clifford algebra: 



vAfAf = 1 



^ (D) 



^ {D) 



{rf^)>rf,)} = 2,. 



'MN- 



(A2) 
(A3) 



The matrix timn is the flat metric with signature {t,s). 
In the following, we shall drop the subscript {D), except 
when there may be some ambiguity. 

In any even dimension D, one can introduce the matrix 
r, which is the analog of 75 in 13 = 4: 



• r 



D-l 



(A4) 



where the coefficient a is conventionally chosen such as 
(r)^ = 1. This matrix anticommutes with all Dirac ma- 
trices, and thus commutes with all Lorentz generators 
j^MN ^ The latter property means that the Dirac rep- 
resentation is reducible: a Dirac spinor 'J splits in two 
irreducible parts ^+ and \I'_, called Weyl spinors, which 
transform independently under Lorentz transformations. 
The Weyl spinors are defined as follows: 



(A5) 



Throughout the paper, we replace 5*+ and with ^'_Ro 
and '^Lo respectively. 

In odd dimension D, the set of Dirac matrices consists 
of the D — 1 Dirac matrices in dimension D — 1, plus an 
additional one which is proportionnal to d-i) ■ Thus, it 
is no longer possible to have another matrix which could 
anticommute with all matrices ^(d)- This prevents the 
definition of chirality (and therefore chiral fermions or 
anomalies) in odd dimensions. 



2. Charge conjugation in 4fc and + 2 dimensions 

Since there is only one faithful representation of the 
Clifford algebra with a given dimension, all sets of ma- 
trices which satisfy Eq. (A3) are related by similarity 
transformations. As the set of the complex conjugate 



matrices (r*'^)* fulfils this requirement, there exists a 
matrix B such that: 



(A6) 



Using this relation, one can define a charge conjugate 
Dirac spinor w hich transforms exactly in the same 
way as * [Eq. (^]: 



1 



(A7) 
(A8) 



where C is the charge conjugation operator. 

The transformation of a chiral, Weyl fermion under 
charge conjugation depends on the numbers of space and 
time dimensions. When (s — t)/2 is odd, {C, F} = 0, so 
that charge conjugation flips chirality; otherwise, C and 
F commute, and charge conjugation does not modify the 
chirality of a Weyl fermion. In the "usual" case with a 
single time dimension t = 1, which we assume from now 
on, this gives: 



{C,r} = in D = 4fc, 
[C, F] = in D = 4fc + 2. 



(A9) 



C flips chirality in D = 4fc, while it does not in D = 4k+2. 



3. Chiral representation 

We recall a possible explicit realization of the Dirac 
F matrices for a spacetime dimension D, which has 
the attractive feature to separate left- and right-handed 
fermions. This representation will also be useful for the 
trace calculation in Appendix 

In dimension D, the matrices are built from the Dirac 
matrices in dimension D — 1 following: 



J- (15)- 



{D) 



pD-1 

(D) - 



r(D) = 







LD/2 



i-D/2 



^(D-l)^(D-l) 

F° 

-F" n 



^(D-1)^{D-1) 



, and 



L_D/2 







l_D/2 



(AlO) 



where k — 1, . . . , D — 2 and l]j/2 is the D/2-dimensional 
unity matrix. As recalled above, the matrices Fj^^_-^j 
where k runs from 1 to 13 — 3 arc the Dirac matrices 

= iTu-2- Since 



^\d-2) dimension 13 — 2, and F^^-^ 



the Lorentz generators '^f^ , Eq. (A2), are commutators 



of Dirac matrices, they are all block diagonal, made of 
two Z3/2 X Z3/2 blocks. These blocks yield the generators 
of the transformation for the '^Ld and 'i'R^. 
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APPENDIX B: SO(IO) TRACES IN 8 
DIMENSIONS 



In this Appendix, we show that the symmetrized trace 
over the product of five 5*0(10) generators does not van- 
ish in general, and more precisely is proportional to the 
Levi-Civita tensor with 10 indices. This is analogous to 
the fact that in D — A dimensions, the triangle anomaly 
vanishes for every group SO{N) except if — 6, the 
trace over three 50(6) generators being proportional to 
the six-indices Levi-Civita tensor. 

We are interested in symmetrized traces which involve 
5 generators T for the basic 10 and the spinorial 16 repre- 
sentations of S'O(IO), which yield the local gauge anoma- 
lies of the corresponding representations in D = 8. These 
symmetrized traces, Eq. (3.9), can be written 



e\pa\ 



(Bl) 



where all Greek indices run from to 9. The symmetrized 
trace is invariant under orthogonal 50(10) transforma- 
tions of the generators. In terms of Minkowski instead 
of Euclidean spacetime, the trace Eq. ( |B1|) is a 50(1, 9) 
invariant, which means that it is proportional to a 10- 
indices tensor of a, D — 10 theory with appropriate sym- 
metry properties. The only possible one is the totally 
antisymmetric Levi-Civita tensor eafS-ySnXtii^pa- We only 
have to check whether the proportionality constant is 
zero or not, for each representation we consider. 

The representation 10 is real [by definition of 5*0(10)], 
and thus all generators are similar to their complex con- 
jugate: STS~^ = —T*. Since the trace involves the 
product of 5 generators, it is equal to the opposite of the 
trace over the conjugate generators. On the other hand, 
the generators are hermitian, so that both traces over ei- 
ther the generators or their complex conjugates are equal. 
Therefore, the trace Eq. (Bl) vanishes for the 10. 

The (Dirac) spinor, reducible 32 representation of 
50(10) is also a representation of 50(1,9), generated 
by the S^j'^, and we may use the choice of generators of 



Sec. |A3| , in the case D — 10. These are antisymmetric, 
32 X 32 matrices, composed of two 16 x 16 blocks, which 
transform D = 10 left- and right-handed Weyl fermions, 
which are precisely the 16 and 16 of 50(10). As noted 
in previous section, these blocks involve the D — 8 Dirac 
matrices F^g^ , plus f (g) . Let us take the upper block to 
describe our 16 representation. Calculating the trace of 
a product of 16 is now straightforward: we just compute 
the product of the 32 x 32 matrices ^^(^ and then eval- 
uate the trace over the upper block of the product. 

Consider the product ^l^-^^f^^^^^^^l^^^f^y 
upper block is proportional to : 



The 



^ (8)^ (8) 



■r(8)r(8) oc (r(8))' 



(B2) 



which is the identity matrix lig. Thus, the trace is non- 
zero, and so is the proportionality coefficient with the 
Levi-Civita tensor. 
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